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Introduction
Particle-reinforced composites (PRCs) have been received much attention due to their advantages over conventional materials. Since the last decade, a number of metal matrix composites have been developed and manufactured using various techniques to achieve low density composites with high specific strength, stiffness and creep resistance even at elevated temperatures (Amini et al., 2009; Galipeau, 2012; Giordano, 2013) . The presence of particles and their interaction disturb the stress field of a composite material when it is subjected to external loading and significantly affects its mechanical property at the local and global scales (Zhou, 2013) . Therefore, one of the most basic problems for PRCs is the prediction of effective or average macroscopic properties in terms of the properties and relative amounts of the individual materials or phases.
Estimation of the effective properties of a composite material is conducted by considering a representative volume element (RVE) of the material for homogenization. The RVE must be sufficiently large so as to be statistically representative for the material. Many approximate models and effective medium theories for effective elastic moduli of PRCs with randomly dispersed inhomogeneities have been proposed (Hashin, 1983) . Zimmerman (1991) presented a closed-form solution for the differential scheme equations for the effective elastic moduli of materials containing spherical particles. The generalized self-consistent scheme was used to predict the elastic moduli of nano-grained ceramics (Jiang and Weng, 2003; Jiang and Weng, 2004) and fiber-reinforced composite materials (Dong et al., 2005) . The four-phase model was proposed by Li et al. (1999) to determine the effective bulk modulus of concrete. An interface layer was added to the three-phase model for simulating the interfacial transition zone in concrete, while the inclusion and matrix represented the aggregate material and cement paste, respectively. Garboczi and Berryman (2001) introduced a differential effective medium theory by mapping a spherical inclusion with thin coating into a homogenized inclusion. Herve and Zaoui (1993) derived the elastic strain and stress fields in an infinite medium consisting of an n-layer isotropic spherical inclusion, and calculated the average strain and stress in each phase and the n-layer inclusion. Berbenni and Cherkaoui (2010) developed a new micromechanical approach for arbitrary multicoated ellipsoidal inclusion with general eigenstrains, and obtained the effective elastic moduli and eigenstrains. Tangent-or secant-type incremental formulation could also be applied to some homogenization schemes to investigate the elastic-plastic properties of several composite systems (Doghri and Friebel, 2005; Lemarchand et al., 2002) .
The presence of interphase layers between particles and matrix significantly influence the mechanical performance of composite materials. Extensive analytical and numerical work has been http://dx.doi.org/10.1016/j.ijsolstr.2014.05.007 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved.
devoted to the elastic solutions of the interphase problems (Walpole, 1978; Nie and Basaran, 2005) . Su et al. (1999) studied the effects of interphase strength on the damage modes and mechanical behavior of MMCs. The influence of particle size on the composites was also explained from the interphase point of view. By introducing the interphase into the homogenization method, Li et al. (1999) , Boutaleb et al. (2009) and Zhang et al. (2007) have studied the dependence of the equivalent moduli on particle size for particle reinforced composites (PRCs).
Recently, some research works has focused on the damage in particulate-reinforced composites (Doghri and Friebel, 2005; Nie and Basaran, 2005; Su et al., 1999; Lloyd, 1991; Lewandowski and Liu, 1989; Llorca et al., 1991; Bian et al., 2012; Jiang et al., 2011; Zhao and Weng, 1996; Hassan and Gupta, 2005; HabibnejadKorayem et al., 2009) . Failure mechanisms such as the interfacial debonding between the matrix and inclusions (Lewandowski and Liu, 1989; Llorca et al., 1991) , the particle cracking (Lloyd, 1991) , and the ductile plastic failure in the matrix (Hassan and Gupta, 2005; Habibnejad-Korayem et al., 2009 ) have also been proposed. The nature of the bond between particles and the matrix material has a significant affect on the mechanical behavior of particulate composites. The micromechanism damage in reinforced composites appears to be often associated with the interface imperfections. Therefore, the debonding damage of the interphase was proposed as the important failure mechanism in PRCs.
In this study, an effective model was proposed to predict the effective elastic behavior of three-phase particle-reinforced composites. A damage model is subsequently considered in accordance with the Weibull's probabilistic function to characterize the varying probability of evolution of debonded interface between the inclusion and the matrix. Based on this model, the equivalent elastic moduli of particulate composites with multi-phase inclusions are obtained. In order to characterize the elasto-plastic behavior of PRCs, Ludwik's equation is adopted and modified to describe the effective stress-strain relation of the matrix. Influences of debonding damage, particle volume fraction, interphase properties and bonding strength on overall mechanical behavior of composites are also discussed.
An effective model of three-phase composites
In many particulate composites, a thin layer of phase intervenes between a particle and the matrix. The imperfect interface bond may be due to the very compliant thin interfacial layer that is assumed to have perfect boundary conditions with the matrix and the particle. This assumption defines a three-phase composite that includes particles, interphase and the matrix as shown in Fig. 1 . In Fig. 1 , letter a denotes the radius of the particle, b À a denotes the thickness of the interphase layer, and c À b denotes the thickness of the matrix layer. The shaded infinite area is the equivalent composite medium.
Basic equations and notations
For brevity, symbolic notations will be used wherever appropriate. Greek letters denote the second rank tensors, and ordinary capital letters denote the fourth rank ones. The inner product of two tensors is written such that r Á e = r ij Á e ij , L:e = L ijkl : e kl and L Á A = L ijkl Á A klmn , in terms of the indicial components, where '':'' denotes the tensor contraction and ''Á'' is the tensor multiplication.
Let us consider a finite body of volume V, which consists of (N À 1) different types of spherical particles (with elasticity tensors 
I and f M are the volume fraction of the ith particle, interphase and matrix, respectively. f i I is related to the initial particle volume fraction f i p0 by
here d i p and t i are the ith phase particle diameter and interphase thickness.
It is noted that the elastic properties of the interphase zone vary through its thickness. In the proposed effective model of the threephase composite, however, the interphase zone is assumed to be a uniform layer for the simplicity and the elastic moduli are finity, therefore, the void or rigid material is not included.
Baseded on Hori and Nemat-Nasser's double-inclusion model (Hori and Nemat-Nasser, 1993) as shown in Fig. 2 , the volume averages perturbation strains taken over V I and V p are expressed in terms of the average eigenstrain, as follows: 
Note that the volume integral which is omitted in Eq. (4), in part corresponds to the geometry and properties of V I , which affect the boundary conditions on oV C , and hence, the average field quantities. It might be expected that on the average, this integral is negligible when an ensemble of various boundary conditions on oV C is considered, since the volume average of e Ã ðyÞ À e Ã I Â Ã always vanishes.
Based on the double-inclusion model, by incorporating the interphase as a third phase (corresponding to the domain V I in the double-inclusion model), Jiang et al. (2011) adopted the Eqs. (2) and (4) to express the relations between perturbed strain and eigenstrain for the particles and interphases. Eshelby's tensor S only relies on the shape of spherical domain, and the particle and interphase are coaxial and spherical. Thus, S p amounts to S C , and is denoted by S. Eqs. (2) and (4) 
Eqs. (5) and (6) indicate that the relation of perturbed strain and eigenstrain for the particles is the same as that for interphases. Thus, in the analysis (Jiang et al., 2011) , the interphases and the particles intervene in the effective properties of composite in the same way, and these results could also be found from the investigations (Li et al., 1999; Jiang et al., 2009) .
As loadings or deformations are applied, the debonding of interface is assumed to take place when the deformation of composite exceeds its threshold strain of debonding damage. If the interphase is weak, a debonding often occurs between particle and interphase, or else appears between matrix and interphase (Jiang et al., 2011) . In the present model, the interface between particle and interphase will separate in the damage progression. Fig. 3 shows the state before and after debonding damage of composites subjected to external uniaxial stress r on the boundary.
The displacement, strain and stress at a typical point x are u = u(x), e = e(x) and r = r(x), respectively. The matrix (Nth phase), spherical particles and interphases are assumed to be isotropic materials, and the corresponding relationship between the stress tensor r and the strain tensor e at any point x are governed by rðxÞ ¼ The volume-averaged stress tensor r over the body is defined as
Similarly, the volume-averaged strain tensor e is defined as
The effective elastic stiffness tensors,
When particulate composites are subjected to tensile deformation, the elastic properties of the composites will be weakened by damage due to interphase debonding and void formation in the matrix (Bian et al., 2012; Jiang et al., 2011; Zhao and Weng, 1996) . The decreased Young's modulus, bulk modulus and shear modulus of damaged composites are no longer equal to those of the undamaged composites. A term ''effective elastic properties'' is used to describe the elastic properties of the damaged composites. The formulas for prediction of the effective elastic properties of the damaged particulate composites are derived in the following section.
The effective elastic properties
The basic assumption of self-consistent approach is that the average strain in ith inhomogeneitie equals the strain in a single inhomogeneitie with elastic stiffness tensor L i embedded in an infinite matrix with the yet to be determined effective stiffness tensor L, and subjected to an applied uniform strain e at the boundary. In light of this assumption, the volume-averaged strain tensor of ith inclusion and the matrix can be defined as
where e i j is the strain of the i-phase inhomogeneitie, which denotes the strain of matrix, particles or interphase. e is the average strain of an equivalent material with elastic stiffness tensor L. Based on the solution by self-consistent method, the strain concentration factor A i j can be expressed as
here I and S are the forth-order identity tensor and Eshelby tensor, respectively. The Eshelby tensor is only related to the geometry of the inhomogeneities and the Poisson ratio of the surrounding matrix material. In the three-phase composite system reinforced with elastic spherical inhomogeneities, the Eshelby tensor is istropic and given by an istropic tensor as (Iwakuma and Koyama, 2005) ,
where d ij is the Kronecker delta and a and b are defined by Fig. 3 . Debonding of particles for the composite containing two type particles: (a) the initial state (undamaged); (b) the equivalent damaged state.
here m S M is the secant Poisson's ratio of the matrix material under elastic-plastic deformation.
Moreover, Bian et al. (2012) modified the self-consistent method and assumes that the matrix and inhomogeneities are all effective inclusions in the composite, and denoted the stiffness tensor L as the average value of the inhomogeneities and the matrix in terms of the volume fraction of each phase, namely
I . In this method, the domains of the particle and interphase are also coaxial and spherical. It is assumed that the interphase is another effective inclusion. As the volume average perturbation strain taken over the interphase only relies on its eigenstrain and Eshelby's tensor S, the volume average strain in interphase can be approximately expressed by the average strain e and the strain concentration factor A i j . Thus, in Eq. (13) the stiffness tensor is replaced by L defined above.During the damage progress, a debonded particle is regarded as a spherical void and its stress is fully released, namely completely interfacial debonding. The initial perfectly bonded three-phase composite is transmitted into a fourphase composite. Thus, the progressive damage in the composite is expressed by a decrease in a volume fraction of intact particles and an increase in a void volume fraction (Bian et al., 2012; Jiang et al., 2011; Zhao and Weng, 1996) . In the present analysis, for considering the interphase layer between particles and matrix, the following equation can be rewritten as:
where L i p is denoted as an equivalent elastic tensor for the ith phase particle.
From Eqs. (13) and (16), the following equation can be obtained
where
IÀd are the stiffness tensors corresponding to the iphase particle, interphase and the damaged interphase due to the debonded particle.
From Eqs. (8) and (16), the relation between the i-phase particle volume-averaged strain and overall stress of the composite will be obtained as:
From Eqs. (11), (12) and (18), the volume-averaged strain of the matrix, i-phase interphase and void can be expressed as follows:
Let L i j ¼ 0 (for the void) in Eq. (13), then the strain concentration factor of the void can be obtained
From Eqs. (11), (18) and (21), the relation between the volumeaveraged void strain and the overall stress of the composite is given by
During the debonding damage progress, the interface between particle and the interphase will separate, but the matrix and the interphase are bonded firmly. Thus, for the interphase associated with debonded particles, their strain e (20) and (22), using Eq. (17) the following ones can be obtained:
For the current damage state of composite, the volume-averaged strain tensor e in Eq. (9) is extended as
Based on the Eqs. (10), (23) and (24), the equivalent modulus L Ã leads to:
IÀd Þ is the initial volume fraction of the ith interphase.
Substituting Eqs. (13), (14), (21) and (23) into Eq. (25) leads to the expressions of the overall bulk modulus and the shear modulus as:
where A j , B j , A l and B l are defined by 
3. Cumulative probability of damaged reinforcements
A statistical debonding criterion
After the interfacial debonding between particles and the interphase, the debonded particles lose the load-carrying capacity and are assumed to become voids. Therefore the volume fraction of the debonded particles turns into a void volume fraction. As all inclusion exists statistically on equal footing and therefore shares the same stress state and, yet, these inclusions do not debond simultaneously, a statistical description for debonding process is a more appealing one. For a convenience, we invoke Weibull's statistical function to represent the cumulative probability distribution of particle debonding, P v , for the level of tensile stress is the internal stress of the i-phase particle in the 1-direction, and S 0 and m are the scale parameter and shape parameter of function, respectively. Therefore, if the initial reinforcement volume fraction of i-phase particle is denoted by f i p0 , the current void volume fraction f i dp at a given state of 
Furthermore, this probability function also represents an average interfacial strength of inclusions and matrix through the Gamma function,
Internal stresses of particles
In this section, we derive the internal stresses of the ith type particles required for the statistical debonding criterion.
From Eqs. (7), (16), (18) and (25), the stress in the domain of the ith phase particle with elastic stiffness tensor L i p will be obtained as
: e ¼ T : e ð32Þ
In the case of tensile loading, the average internal stresses of particles can be obtained as follows:
where e 11 , e 22 and e 33 are the total strains in the 1, 2 and 3 directions, respectively.
Numerical results and discussion

Predictions of Young's modulus equations
According to the new Young's modulus equations derived in Section 3, Young's modulus of a three-phase particle-reinforced composite can be expressed as:
where E N is normalized Young's modulus (defined as E Ã =E M ), f i p is volume fraction of the ith phase particles, k i p and k i p are the ratios of particle Young's modulus (E i p ) and interphase Young's modulus (E i I ) to matrix Young's modulus (E M ), respectively, and t i is the interphase thickness. Therefore, the effective Young's modulus of PRCs can be predicted using Eqs. (26) and (27). Fig. 4 shows the normalized Young's modulus of a particle composite as a function of the particle volume fraction, for the case where the interphase thickness is 1/8th of the particle diameter, k p ¼ 5 (particles are five times stiffer than the matrix material), and various interphase stiffness. The Poisson ratio is adopted as 0.25 throughout the matrix, particle and interphase. In Fig. 4 , k I > 1 corresponds to the case that the interphase is stiffer than that of the matrix, such as the metal-matrix composites.
Figs. 5 and 6 show the normalized Young's modulus of the particle-reinforced composite with stiffer and softer particles and interphase than the matrix, respectively. It can be seen that if the particles and interphase are stiffer than the matrix, the effective Young's modulus increases with the increase of particle volume fraction. Otherwise, it decreases, and these effects are enhanced with a thicker interphase. Fig. 4 . Normalized Young's modulus of a particle-reinforced composite with different interphase stiffness.
Although some test results for Young's modulus of Mg-based composites are available in the literature, most of them do not provide detailed information. Therefore, only a few are suitable for purpose of comparison. Hassan and Gupta (2005) measured the Young's modulus of magnesium based composites reinforced with three different volume percentages of nano-sized Al 2 O 3 particulates. Fig. 7 shows the comparison between the present prediction and the experiment results given in Hassan and Gupta (2005) for particulates composite. Table 1 presents the material parameters for the Mg-based Al 2 O 3 particle composites (Hassan and Gupta, 2005) . The results revealed that an increase in the volume fraction of nano-Al 2 O 3 reinforcement leads to an increase in the elastic modulus. Increase in the elastic modulus of the composite can be attributed to the presence of: (a) the high modulus of reinforcements, and (b) an uniform distribution of reinforcements with a good interfacial integrity (Unverricht et al., 1998) . As shown in Fig. 7 , the numerical result has a good agreement with the experimental data by Hassan and Gupta (2005) .
Effect of debonding damage on the stress-strain relation of particulates composite
Numerical analyses were carried out on particulate-reinforced magnesium (Mg) alloy composites under uniaxial tension. The developed model is employed to predict the relationship between the stress and strain in the tensile direction of the composites under uniaxial tension. The effective stress-strain relation of Mg-alloy matrix can be defined as follows,
where r y , h and nð0 6 n 6 1Þ are the tensile yield stress, strength coefficient and work-hardening exponent, in turn, and r e and e p e are the usual von Mises' effective stress and plastic strain, defined as
in terms of the deviatoric stress r 0 ij and plastic strain e p ij . At a given plastic state the secant Young's modulus is given by
in terms of the ordinary Young's modulus E 0 . The secant bulk and shear moduli and the secant Poisson's ratio follow as
from the isotropic relation and plastic incompressibility, m 0 is the Poisson's ratio of the matrix.To illustrate the effects of bonding strength S 0 and debonding damage on the stress-strain responses of particulate composites, various micromechanics-based predictions are performed on magnesium (Mg) alloy composites based on Eqs. (27), (28), (30) and (40). For brevity, we again employ the same material parameters as in Table 1 . The strength coefficient and work-hardening exponent as 250 MPa and 0.3 are adopt in connection with the Ludwik's equation given in Eq. (39). For the statistical function the shape parameter m is taken to be 5 and three sets of scale parameter are chosen to yield some simple average interfacial strength (Zhao and Weng, 1996) S 0 ¼ 1:09r y or r s ¼ r y S 0 ¼ 2:18r y or r s ¼ 2r y S 0 ¼ 3:27r y or r s ¼ 3r y . Normalized Young's modulus of a particle-reinforced composite with softer particles and interphase than the matrix. Fig. 7 . A comparison between the present prediction and experimental data (Hassan and Gupta, 2005) for the elastic modulus of Mg-based composites with Al 2 O 3 particles.
bonded composite and completely debonded composite (i.e. with 20% voids) are also shown in Fig. 8 . It is demonstrated that the overall stress-strain responses with progressive particle debonding lie between those of the composite with all particles debonded (the lower bound) and the composite without particle debonding (the upper bound). Lower bonding strength S 0 corresponds to faster damage evolution process. These stress-strain curves start from the curve of a perfectly bonded composite, then deviate from them with the progressive debonding of the particles. After all of the particles debonded from the interphase, they eventually approach that of the completely debonded composite. The stress-strain curve with a lower value S 0 experiences four stage: linear stage, debonding damage stage, linear stage after all particles debonded and plastic stage. Otherwise, the curves with higher S 0 only have the first, the second and the forth stage. The bonding strength S 0 is seen to have a significant influence on the overall behavior of composites.
Furthermore, to assess the potential of the present framework, the present predictions (with and without debonding damage) are compared with the experimental data by HabibnejadKorayem et al. (2009) . Fig. 9 shows the overall stress-strain behavior of Mg-based composites reinforced with Al 2 O 3 particles. The initial volume fractions of Al 2 O 3 particle are 0.44% and 0.88% with particle diameter at 100 nm. In particular, the stress-strain curves with progressively debonding are also depicted in Fig. 9 . It is emphasized that the experiment by Habibnejad-Korayem et al. (2009) did not given the strength coefficient and work-hardening exponent. Therefore, we need to estimate the parameters h and n in connection with the effective stress given in Eq. (39). Further, in order to implement the Weibull evolutionary debonding model, we also need to estimate the two Weibull parameters S 0 and m. Here, we follow the parameter estimation algorithm developed by de-Carvalho et al. (2011) and Bruhns and Anding (1999) . These material parameters are listed in Table 2 . It can be seen from Fig. 9 that the higher initial volume fractions of Al 2 O 3 particles have a profound effect on the level of flow stress during the damage process. Fig. 10 shows the comparison between the present predictions (with and without debonding damage) and experimental data (Sankaranarayanan et al., 2011) for overall stress-strain behavior of Mg-based composites reinforced with Ti and Al 2 O 3 particles. The material parameters for the Mg-(5.6Ti + 2.5Al 2 O 3 ) composite are presented in Table 3 . Similarly, we estimated the other parameters for Ludwik's equation and Weibull's statistical function, as presented in Table 4 . Here, f 1 p represents the Ti particles and f 2 p corresponds to the Al 2 O 3 particles. As depicted in Fig. 10 , the overall stress-strain behavior of the composite is well modeled by the present formulation considering the damage process. Note that a good agreement between the present predictions and the experimental results by Sankaranarayanan et al. (2011) indicates the applicability of the present model for the composites with multiparticles. Fig. 11 shows a comparison between the present predictions and experimental data (Basaran et al., 2008) for overall stressstrain behavior of PMMA with ATH particles. The material parameters for the PMMA-ATH composite are presented in Tables 5 and  6 . As shown in Fig. 11 , the overall stress-strain behavior of the composite is well modeled by the present method, especially for the case of predictions with the damage. Fig. 12 shows a comparison among the present predictions, Ramberg-Osgood plasticity model, Basaran's damage coupled plastic model and experimental data (Basaran and Nie, 2007) for overall stress-strain behavior of PMMA with ATH particles. The mechanical properties of the matrix PMMA and particles ATH are presented in Table 5 . It is assumed that the thickness of interphase layer is 1% of the radius of particle, the elastic modulus of interphase is 50% of that of the matrix, and the Poisson's ratio for the interphase is the same as the matrix PMMA. The Ludwik's equation and Weibull's statistical function parameters are set as: h = 320 MPa, n = 0.5, m = 5 and S 0 = 109 MPa. It can be found from Fig. 12 that in the elastic state, the overall stress-strain behavior of PMMA-ATH composite predicted by present method is closer to experiment data and stiffer than plasticity model and Basaran's (Hassan and Gupta, 2005) . Basaran's model describes the degradation of the composite by introducing a damage evolution function based on irreversible thermodynamics. However, the present method adopts Weibull's probabilistic function to characterize the varying probability of evolution of debonded interface.
Concluding remarks
In the present study, an effective model has been proposed to predict the effective elastic behavior and the evolution of interphase debonding damage in particulate-reinforced composites (PRCs). The interphase layer between the matrix and particles is incorporated into the model as another inclusion. Based on the developed model, the constitutive equations are obtained to predict the overall effective properties of particle-reinforced composites.
The developed constitutive laws can characterize the influence of particle volume fraction, interphase features, particle size effects on the overall elastic moduli of particle-reinforced composites. The Weibull's probabilistic function is extended and modified to characterize the varying probability of evolution of debonded interface between the inclusion and the matrix.
The proposed micro-damage model is applied to estimate the various stress-strain responses of composites under the uniaxial loadings. The present predictions for the effective mechanical properties of Mg-based particulate-reinforced composites have a good agreement with the available experimental data. Fig. 10 . The comparison between the present predictions and experimental data (Sankaranarayanan et al., 2011) for overall stress-strain behavior of composites with Ti and Al 2 O 3 particles. Table 3 Material parameters of Mg-(5.6Ti + 2.5Al 2 O 3 ) composites (Sankaranarayanan et al., 2011) .
0.15 5 1.09r y Fig. 11 . A comparison between the present predictions and experimental data (Basaran et al., 2008) for overall stress-strain behavior of PMMA with ATH particles.
Table 5
Material parameters of PMMA-ATH composites (Basaran et al., 2008) . (Basaran and Nie, 2007) for overall stress-strain behavior of PMMA with ATH particles.
